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Discrete mathematics is a core subject of theoretical computer science. It is not
a directly application-oriented subject, but it provides tolls and mathematical
models, which are applied to different areas in computer science.

GATE (7-9 MARKS)
Has a good weightage in general all objective and subjective examination.

Will be asked in Interview for M.Tech, PhD or other government jobs. Not that
important in software industry.
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Section 1: Engineering Mathematics

Discrete Mathematics: ProEositionaI and first order Iogic. Sets, relations, functions, Eartial orders and
lattices. Monoids, Groups. Graphs: connectivity, matching, coloring. Combinatorics: counting,

recurrence relations, generating functions.

Linear Algebra: Matrices, determinants, system of linear equations, eigenvalues and eigenvectors,
LU decomposition.

Calculus: Limits, continuity and differentiability. Maxim@ and _minima. Mean value theorem.
Integration.

Probability and Statistics: Random vargiables. Uniférm, normal, exponential, poisson and binomial

distributions. Mean, median, m@deé “and standard deviation. Conditional probability and Bayes
theorem.
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Video chapters

* Chapter-1 (Set Theory):

* Chapter-2 (Relations):

* Chapter-3 (POSET & Lattices):
* Chapter-4 (Functions):

* Chapter-5 (Graph Theory):

* Chapter-6 (Group Theory):

* Chapter-7 (Proposition):
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Chapter-1 (Set Theory)
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What is a SET

Set are the fundamental on which all the discrete structures
are built. Sets are used to group objects together, formally speaking

“An , collection of objects (Called elements or
members of a set) of same type”. Here the type is defined by the one who is
defining the set. For e.g.

A = {012)4;6) -__}

B= {1)3)51 ___}

C= {x|rx € Natural number}
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 ASetis generally denoted usually by capital letter. The objects of a set
called the , or of the set.

e Asetissaid to contain its elements.

 Lower case letters are generally used to denote'the elements of the
set.
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e x €A, means element x is a member of A

* X & Ameans x is not a member of A a

http://www.knowledgegate.in/gate
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Representation of set
Tabular/Roster representation of set - here a set is defined by
actually listing its members. E.g.

A={a, e, i o u}
B={1, 2, 3, 4}

C={--4,-2,0,2,4, —}
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Set Builder representations of set- here we specify the property which the
elements of the set must satisfy. E.g.

Set Builder Form

such

A = {x| x is an odd positive number less than 10}, that
- - [ g . : ’
A = {x | x € English alphabet && x is vowel} ;S b | T'”'wr’a }
] ..
name of slerhant
B={x| xe N && x <5} theset . o

C={x| xeZ&&x%2=0}
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e Set of all-Natural number(N) - A natural number is a number that
occurs commonly and obviously in nature. The set of natural
numbers, can be defined as N ={1,2,3, 4.... oo}

* Set of all Whole number(W) - A whole number is a sciefice
expanded natural number. Set of natural number and.zero

O A 234 5 6 7 8 9 10
- l— Natural Numbers —>

Whole Numbers ——p»

]' Rational Number J l Irratlonal Numb

l Whole Numbe

Natural Number
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e Set of all Integer(Z) - An integer is a number that can be written
without a fractional component.

R e e e e B I e e P
6 5 4 -3 -2 -1 01 2 3 4 5 6

Positive.numbers
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Set of all Rational number (Q) - A rational number is any number that can be

expressed as a fraction P/Q of two integers, a numerator P and a non-zero
denominator Q.
Set of all Irrational number (R-Q or R/Q or P) - An irrational numbér.is a real

number that cannot be expressed as a fraction i.e. as a ratio of integers.
Therefore, irrational numbers, when written as decimal.numbers, do not

terminate, nor do they repeat. E.g. root2.

RATIONAL NUMBERS ’ IRRATIONAL NUMBERS

/8

A6 AT

Whole numbers
Natural

numbers
1,2,3... /2 /|2
5 5

0.3030030003
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Set of all Real number(R) - A real number is a value that represents a
guantity along a continuous line, containing all of the rational
numbers and all of the irrational numbers.

-4.25 15 nm=3.149

—5@4—3—2 -11lo_ ade 3)a s

e e R
T ) T T

-7 =l.75 1 e=x=2.72
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e Set of all Complex number(C) - A complex number is a number that
can be expressed in the form ‘a + bi’, where ‘@’ and ‘b’ are real
numbers and ‘i’ is the imaginary unit, that satisfies the equation
i2 = -1. In this expression, ‘a’ is the real part and ‘b’ is the intaginary
part of the complex number.
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* Finite set - If there are exactly ‘n” elements in S where ‘n’is a
nonnegative integer, we say that S is a finite set.

* j.e. if aset contain specific or finite number of elements_is«€alled.is
called finite set. Fore.g. A={1,2,3,4}
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* Cardinality of a set — It is the number of elements present in a finite
Set, denoted like |A].

* Fore.g. A={0,2,4,6}, |A| =4
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* Infinite set — A set contain infinite number of elements is called
infinite set, if the counting of different elements of the set does not
come to an end. For e.g. a set of natural numbers.
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Finite

Countable

Countable

Non-Empty

Countable

Infinite

Uncountable
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* Countable set — A set is said to be countable if there can be a one to
one mapping between the elements of the set and natural numbers.
E.g. Set of stars, N, W, Z, Q.
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 Uncountable set — A set is said to be uncountable if there cannot be a
one to one mapping between the elements of the set and natural
numbers. E.g. Set of real numbers.
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* Null set / empty set - Is the unique set having no elements. its size
or cardinality is zero i.e. |¢| = 0. It is denoted by a symbol ¢_or {}.
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* Universal set —if all the sets under investigation are subsets of a fixed
set, i.e. the set containing all objects under investigation, in n
diagram it is represented by a rectangle, and it is denoted
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Subset of a set — If every element of set A is also an element of set B i.e.

Vx(x € A - x € B), then A is called subset of B and is written as A E B. B is called
the superset of A.

E.g. A=1{1,2,3} B=1{1,2,3,4,5}

Note that to show that A is not a subset of B we need"only find one element x €
A with x &€ B. To show that A E B, show that if x € A, then x € B.
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e ¢ E A, Empty Set ¢ is a subset for every set
e AL U, Every Set is a subset of Universal set U

 AE A, Every Set is a subset of itself.
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* Proper subset —if Ais a subset of Band A # B, then A is said to be a
proper subset of B, i.e. there is at least one element in B which,is not
in A. denoted as A C B.
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Equality of sets — If two sets A and B have the same element and
therefore every element of A also belong to B and every element of B
also belong to A, then the set A and B are said to be equal and_written
as A=B.

ifAE Band B E A, then A=B

Vx(x €A & x € B)
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Power set — let A be any set, then the set of all subsets of A is called
power set of A and it is denoted by P(A) or 2A.

If A=1{1,2,3}, then P(A) ={®, {1}, {2}, {3}, {1,2}, {2,3}, {1;3}, 11,2,3}}

Cardinality of the power set of Ais n, |P(A)|="2"
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Q For any Set A, which of the following are true?
1) deA

2) b A
A <6
\/\ -/‘ Qe
- /v o

http://www.knowledgegate.in/gate
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Q If ¢ is an empty set. Then | P(P(P(®))) | = ?
a) 1 b) 2 c)4d d) none of above

http://www.knowledgegate.in/gate
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Q The cardinality of the power set of {0, 1, 2 ..., 10} is

P«é

http://www.knowledgegate.in/gate
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Q For a set A, the power set of A is denoted by 2A. If A = {5, {6}, {7}},
which of the following options are True.

) b € 27 b2 1) {5, {6} € 2

(A) I and Il only
(B) Il and Ill only
(C) I, atnd Il only

(D) I, Il only

ttp://www.knowledgegate.in/gate
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Q Let P(S) denotes the power set of set S. Which of the following

Is always true?
) P(P(S)) = P(S) A
a «é
S cladnd

(b) P(S) NP(P(S)) = 1}

(c) P S = P(S)

4

(d) S €Pihittp://www.knowledgegate.in/gate
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Q The number of elements in the power set P(S) of the set

S={{0},1, {2,3}}is

http://www.knowledgegate.in/gate
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Operation on sets

* Complement of set — Set of all x such that x € A, but x € U.
e A={x|x€&A&xeU}

U A

U ={1) 2) 3) 4) 5) 6}

A=1{2,3, 6}
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* Union of sets — Union of two sets A and B is a set of all those
elements which either belong to A or B or both, it is denoted.hy A U

B.
e AUB={x| xeAorxeB}

A=11,2,3, 4}

B=1{3,4,5, 6}
AUB={ }

|A|+|B|[=] AUB| ?
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* Intersection of sets - Intersection of two sets A and B is a set of all
those elements which belong to both A and B, and is denoted-by

A ) B.
« ANB={x|xeAandxeB}

A=11,2,3,4}
B = {31 4) SI 6}

AN B={ ]


http://www.knowledgegate.in/gate

* Disjoint sets -- Two sets are said to be disjoint if they do not have a
common element, i.e. no elementin Ais in B and no element«n B is in

A.

+ ANB=d
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* Set difference — the set difference of two sets A and B, is the set of all
the elements which belongs to A but do not belong to B.
e A—B={x| xeAandx & B}

A=11,2,3,4}

B = {31 4) SI 6}
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Symmetric difference — the symmetric difference of two sets A and B is
the set of all the elements that are in A or in B but not in both, denoted

as. A@B=(AUB)- (A B)

ADB={x| (xeAandx & B)or(xeBandx¢&A)}

A@B=(A-B)U (B-A)

A=11,2,3,4}
B = {31 4) 5) 6}

A @ B=H J
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Q Consider the following statements?

a) Finite union of finite sets(disjoint) is (finite/infinite)
b) Finite union of Infinite sets(disjoint) is (finite/infinite)‘a
c) Infinite union of finite sets(distinct) is (finit@irh

d) if after finite number of union result isinfinite set, then at least of the input
set(disjoint) is infinite (T / F)

e) if after finite number of union result is infinite set, then all of the input set is
Nalilal /F)
1

http://www.knowledgegate.in/gate
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f) Finite intersection of finite sets(disjoint) is (finite/infinite)

g) Finite intersection of Infinite sets(disjoint) is (finitééiu ite)

east

h) If after finite number of intersection result is i@ilﬁthen

of the input set(disjoint) is infinite (T / F)

i) If after finite number of intersectionresult is infinite set, then all of the
input set(disjoint) is infinite (T / F)

http://www.knowledgegate.in/gate
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Q Let S be aninfinite set S, S,............ , S, be Sets such thatS; US, U ..US,, =S Then,

(a) At least one of the set S; is a finite set 3
3

(b) Not more than one of the set S; can be finite 6 P‘ |

(c) At least one of the sets S; is an.infinite set

(d) N orethan.one of the sets S, can be infinite
v

http://www.knowledgegate.in/gate
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Q which of the following is not true?

a)A-B=A B b)A-(A-B)=ANB /}

c)A-(ANB)=A-B J:I)AﬁfAdv,)—

http://www.knowledgegate.in/gate
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Q If A € B, then which of the following is not true?

(a)AUB=B (b)) ANB=A
T

(c) B¢ c A€ (d)B A ¢/

y . /

http://www.knowledgegate.in/gate
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Q Which of the following is true?
(i) (A-B)—C=A-(C-B)

(ii)(A—-B)—-C=(A-C)—B

(iii) (A-B)-C=A-(BNC) \ @

-

y . /

(iv) (AN B)-(B N C) =’{A/— (ANC)} - (A -B)
a)i&ilhy | wb)ii &iv

httD!F Wwww.knowledgegate.in/gate

>

c) i, ii, iv
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QIf P, Q, R are subsets of the universal set U, then

(PNQNR)U(PCNQNR)UQEURA
(A) Q° U R (B)P U Q¢ U R° "e
ch

(C) Pc U Q¢ U Re (D)-U

U

http://www.knowledgegate.in/gate
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Q let p, g and r be sets let @ denotes the symmetric difference operator
defined as

P@qg=(pUq)—(pNaq)?
Dp@(gnr)=(p@qg)n(P@r)

H)pn(gnr)=(pnqg)@(p @r) '

a) | onl b) Il only
c) ne Srl norll d) both|and Il

http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate

Q Let E, F and G be finite sets.

LetX=(ENF)—(FNn G)andY=(E—-(E N G))—(E—-F).

Which one of the following is true?

(A) X CY (B) X DY (C)X=Y(D)X-Y#dand Y =D
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Q what is the cardinality of the set of integers X defined below
X ={n| 1<=n<=123, nis not divisible by 2,3 or 5}? e
a)90

JEE!
c)37

d)44

4

http://www.knowledgegate.in/gate
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Q Let A, B and C be non-empty sets and let
X=(A-B) -C

Y=(A-C) -(B-C)

Which one of the following is TRUE? o=

a) X=Y b) XCY «¢) YcX ) Non@ of these
P /

http://www.knowledgegate.in/gate
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Q In a class of 200 students, 125 students have taken Programming Language course, 85 students
have taken Data Structures course, 65 students have taken Computer Organization course; 50
students have taken both Programming Language and Data Structures, 35 students4fave taken
both Data Structures and Computer Organization; 30 students have taken both Programming

Language and Computer Organization, 15 students have taken all the three ce#rses®How fwany
students have not taken any of the three courses?

(A) 175 (B) 20 (C) 25 (D) 35

JAUBUC| =|A| +|B]+|C|-|AnB|l=|BAC|=|ANnC|+|ANBNC|
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Q Let A and B be sets and let A® and B¢ denote the complements
of the sets A and B. theset(a—b)U (b-a)U (a nb)is | to.

(aJAUB (b) A€ U b° (c)ANnB (d)A°%

c,P~

http://www.knowledgegate.in/gate
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Idempotent law
e AUA=A
c ANNA=A

Associative law
e« (AUBJ)UC=AU(BUUC)
- (ANB)NC=AN(BNC)

Commutative law
e AUB=BUA
e AMNMB=BA
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Distributive law
- AU(BNC)=(AUB)N(AUC)
c ANNBUC)=(ANB)U(ANC)

De Morgan’s law
« (AUB)“=A"NB"
« (AN B)*=A“U B¢

Identity law
e AUP=A
* Alo=0
c AUU=U
c AN U=A
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Complement law

« AUA=U
« ANAC=0d
o UC=c|)
. d)C=U

Involution law
© ((A))°=A
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Chapter-2 (Relations)
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Cartesian Product

Cartesian Product of two sets A and B in the set of all ordered pairs, whese first
member belongs to the first set and second member belongs to the second set,

denoted by A x B. It is a kind of maximum relation possible, where €very
member of the first set belong to every member of the second set.

 AxB={(a,b) | a€ Aandb € B}
e ForE.g.ifA={a, b}, B={1, 2, 3}
¢ AxB=| }
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1. In general, commutative law does not hold good Ax B != BxA

2. If |[Al =mand |B| =nthen |AxB| =
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Relation
* Relation: - Let A and B are sets then every possible subset of ‘AxB’ is called a
relation from A to B.

 |If |A] =m and |B]| = n then total no of element(pair) will be;m*n, evéry element
will have two choice weather to present or not present.in the subset(relation),
therefore the total number of relation possible is
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* Largest relation possible will be

* Smallest possible relation will be
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For E.g. if A={a, b}, B={1, 2}, AxB ={(a, 1), (3, 2), (b, 1), (b, 2)}
@Y | @2 | by | b2 | ]

0 0 0

0 0 0 1 1 {(b, 2)}

0 0 1 0 2 {(b, 1)}

0 0 1 1 3 {(b, 1), (b, 2)}

0 1 0 0 4 {(a, 2)}

0 1 0 1 5 {(a, 2), (b, 2)}

0 1 1 0 6 {(a, 2), (b, 1)}

0 1 1 1 7 {(a,20b, 1), (b, 2)}
1 0 0 0 8 {(a, 1)}

1 0 0 1 9 {(a, 1), (b, 2)}

1 0 1 0 10 {(a, 1), (b, 1)}

1 0 1 1 11 {(a, 1), (b, 1), (b, 2)}
1 1 0 0 12 {(a, 1), (a, 2)}

1 1 0 1 13 {(a, 1), (a,2), (b, 2)}
1 1 1 0 14 {(a, 1), (a,2), (b, 1)}
1 1 1 1 15 {(a, 1), (a, 2), (b, 1), (b, 2)}
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Complement of a relation: - Let R be a relation from A to B, then the

complement of relation will be denoted by R’, R¢or R.
R”={(a, b)|(a, b) € AxB, (a, b) €! R}

R’ = (AxB) — R

For E.g. if AxB = {(a, 1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3))
R={(a, 1), (a, 3), (b, 2)}

R"={ }

RUR =

RMR =
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Inverse of a relation: - Let R be a relation from A to B, then the
inverse of relation will be a relation from B to A, denoted by R+.

R1={(b, a) | (a, b) € R}
AxB ={(a, 1), (a3, 2), (a, 3), (b, 1), (b, 2), (b, 3)}

R=1(a,1),(a, 3), (b, 2);
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* Diagonal relation: - A relation R on a set A is said to be diagonal
relation if, R is a set of all ordered pair (x, x), for every Vx € A,
sometimes it is also denoted by A ,

e R={(x,x) | VxeEA}
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Types of a Relation

* To further study types of relations, we consider a set A with™n
elements, then a cartesian product AxA will have n? elements(pairs).
Therefore, total number of relation possible is 2" ™ "
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* Reflexive relation: - A relation R on a set A is said to be reflexive,

e If VXEA
* (x,X) ER
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Q consider a set A ={1,2,3}, find which of the following relations are
reflexive and Irreflexive?

Relation Reflexive | Irreflexive
AxA

1

2 ¢

3 1,1), (2,2), (3,3)}
4 1(1,2), (2,3), (1,3)
5
6

1(1,1), (1,2)p(Z 1), (272)}
1(1,1),((202)(3;3), (1,3), (2,1)}
7 1h3),12,1), (2,3), (3,2);
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Smallest reflexive relation is

Largest reflexive relation is

Total number of reflexive relations will be

If two relations R; and R, are reflexive then their union and intersection'will also be reflexive

(T/F).
Any super set of reflexive relation will also be reflexive(T / F).

If a relation is reflexive then its inverse R will also be reflexive (T / F).
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}
m——_

0 0 0
0 0 0
0 0 1
0 0 1
0 1 0
0 1 0
0 1 1
0 1 1
1 0 0
1 0 0
1 0 1
1 0 1
1 1 0
1 & 0
1 1 1
1 1 1

1
0
1

1

B N 08

OO0 N o U,

10
11
12
13
14
15

{(b, b)}
(b, a)}

(b, a), (b,

{(a, b)}

{(a, b), (b,
{(a, b), (b,
{(ag); (b,

{(a, a)}

{(a, ), (b,
{(a, a), (b,
{(a, a), (b,

{(a,a), (a,
{(a,a), (a,
{(a,a), (a,
{(a,a), (a,

b)}

b)}
a)}
a), (b, b)}
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

0 0 0 0 0

0 0 0 1 1

0 0 1 0 2

0 0 1 1 3

0 1 0 0 4

0 1 0 1 5

0 1 1 0 6

0 1 1 1 7

1 0 0 0 8

1 0 0 1 9 {(a a), (b, b)}

1 0 1 0 10

1 0 1 1 11 {(a, a), (b, a), (b, b)}
1 1 0 0 12

1 1 0 1 13 {(a, a), (a, b), (b, b)}
1 1 1 0 14

1 1 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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* Irreflexive relation: - A relation R on a set A is said to be
Irreflexive,

1. If VXeEA
2. (x,x)eR
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Q consider a set A ={1,2,3}, find which of the following relations are
reflexive and Irreflexive?

Relation Reflexive | Irreflexive

AxA

¢
11,1), (2,2), (3,3);

1(1,2), (2,3), (1,3);
(1,1), (1,2), (2,1), (2:2)}
1(1,1), (2,2), (3,3)N18), (2,1)}
(1,3 )a(21,42,3), (3,2)}
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Smallest irreflexive relation is

Largest irreflexive relation is

Total number of irreflexive relation will be

If two relations R; and R, are Irreflexive then their unien and intersection will
also be Irreflexive (T / F).

If a relation R on a set A is reflexive, then R¢is Irreflexive, and vice versa (T / F).
Any sub set of irreflexive relation will also be irreflexive(T / F).

If a relation is irreflexive then its inverse R-1 will also be irreflexive (T / F).
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

0

{}

0 0 0 0
0 0 0 1 1 {(b, b)}
0 0 1 0 2 {(b, a)}
0 0 1 1 3 {(b, a), (b, b)}
0 1 0 0 4 {(a, b)}
0 1 0 1 5 {(a, b), (b, b)}
0 1 1 0 6 {(a, b), (b, a)}
0 1 1 1 7 {(a, b)albPa))\(b, b)}
1 0 0 0 8 {(a, a)}
1 0 0 1 9 {(aga), (b, b)}
1 0 1 0 10 {(a, a), (b, a)}
0 1 1 11 {(a, a), (b, a), (b, b)}
1 1 0 0 12 {(a, a), (a, b)}
1 1 0 1 13 {(a, a), (a, b), (b, b)}
1 1 1 0 14 {(a, a), (a, b), (b, a)}
1 1 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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{(a, b)}
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 Symmetric relation: - A relation R on a set A is said to be Symmetric,
If Va,beEA
(a, b) ER
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Q Consider a set A ={1,2,3}, find which of the following relations are
Symmetric, Anti-Symmetric and Asymmetric?

Relation

1 AxA
2 b

Symmetric | Anti-Symmetric . Yetric

3 {(1,1), (2,2), (3,3)}

a {(1,2), (2,3), (1,3)}

H  {11),(1,2),21),(22)}
A {(1,1), (2,2), (3,3), (1,3), (2,1

{(1,3), (2,1), (2,3)n3)}
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Smallest symmetric relation is

Largest symmetric relation is

Total number of symmetric relation will be

If a relation on a set A is symmetricthen R __ R

If two relations R; and R, are symmetric then their Union and Intersection will also be
symmetric. (T / F)

If a relation is symmetric then its superset and subset will always be symmetric. (T / F)

If arelation is symmetric then its complement R¢ will always be symmetric. (T / F)
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

0 0 0 0 0 {}

0 0 0 1 1 {(b, b)}

0 0 1 0 2 {(b, a)}

0 0 1 1 3 {(b, a), (b, b)}

0 1 0 0 4 {(a, b)}

0 1 0 1 5 {(a, b), (b, b)}

0 1 1 0 6 {(a, b), (b, a)}

0 1 1 1 7 {(a, b), (bga)s (b, b)}
1 0 0 0 8 {(a, a)}

1 0 0 1 9 {(a, 3),\(B;D)}

1 0 1 0 10 {(a, a), (b, a)}

1 0 1 1 11 {(a, a), (b, a), (b, b)}
1 1 0 0 12 {(a, a), (a, b)}

1 1 0 1 13 {(a, a), (a, b), (b, b)}
1 1 1 0 14 {(a, ), (a, b), (b, a)}
1 1 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

{}

0 0 0 0 0

0 0 0 1 1 {(b, b)}

0 0 1 0 2

0 0 1 1 3

0 1 0 0 4

0 1 0 1 5

0 1 1 0 6 {(a, b), (b, a)}

0 1 1 1 7 {(a, b)u(b;3), (b,\b)}
1 0 0 0 8 {(a, a)}

1 0 0 1 9 (@@, (b, b)}

1 0 1 0 10

1 0 1 1. 11

1 1 0 0 12

1 1 0 1 13

1 il 1 0 14 {(a, a), (a, b), (b, a)}
1 1 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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* Anti-Symmetric relation: - A relation R on a set A with cartesian
product AxA is said to be Anti-Symmetric,

If Va,beA
(a, b) ER
(b, a) ER

Conclusion: Symmetry is not allowed but diagonal pairs are allowed
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Anti-Symmetric
AxA Y

¢
1(1,1), (2,2), (3,3)}

1(1,2), (2,3), (1,3);
1(1,1), (1,2), (2,1), (2,2)}
1(1,1), (2,2), (3,3), (1,3), (2,1)}
1(1,3), (2,1), (2,3), (3,2);
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Smallest Anti-symmetric relation is

Largest Anti-symmetric relation will contain elements

Total number of Anti-symmetric relation will be

A relation R on a set A is Anti-Symmetricif RN RY)E A, (T/F)
Sub set of a Anti-Symmetric will also be (T / F)
Super set of a Anti-Symmetric will also be (T / F)

If two relations Ry and R, are Anti-symmetric then their need not to be Anti-
symmetric but will also be Anti-symmetric.

If a relation is Anti-symmetric then its complement R¢will always be Anti-symmetric. (T / F)
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

T O T O e
{}

0 0 0 0 0
0 0 0 1 1 {(b, b)}

0 0 1 0 2 {(b, a)}

0 0 1 1 3 {(b, ), (b, b)}

0 1 0 0 4 {(a, b)}

0 1 0 1 5 {(a, b), (b, b)}

0 1 1 0 6 {(a, b), (b, a)}

0 1 1 1 7 {(a, b)bya), (b, b)}

1 0 0 0 8 {(a, a)}

1 0 0 1 9 {(a@), (b, b)}

1 0 1 0 10 {(a, a), (b, a)}

1 0 1 1 11 {(a, a), (b, a), (b, b)}

1 1 0 0 12 {(a, ), (a, b)}

1 1 0 1 13 {(a, a), (a, b), (b, b)}

1 1 1 0 14 {(a, ), (a, b), (b, a)}

1 i 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

e | @b | ba | b o
{}

0 0 0 0 0
0 0 0 1 1 {(b, b)}

0 0 1 0 2 {(b, a)}

0 0 1 1 3 {(b, a), (b, b)}

0 1 0 0 4 {(a, b)}

0 1 0 1 5 {(a, b), (b, b)}

0 1 1 0 6

0 1 1 1 7

1 0 0 0 8 {(a,'a);

1 0 0 1 9 {8 a), (b, b)}

1 0 1 0 10 {(a, a), (b, a)}

1 0 1 1 11 {(a, a), (b, a), (b, b)}
1 1 0 0 12 {(a, a), (a, b)}

1 i 0 1 13 {(a, a), (a, b), (b, b)}
1 L 1 0 14

1 1 1 1 15


http://www.knowledgegate.in/gate

Q Consider aset A={a, b, c} and Ry, R,, R; and R, are relations on A which of the
following is not true?

Rl = {(a/ a)/ (CI C)}

RZ = {(al b)l (b/ a)l (al C)}
R3 = {(a, b)/ (bl C)/ (al C)}
R4 = {(a/ b)l (b/ a)l (CI C)}
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Q Consider the binary relation R ={(x, y), (x, z), (z, x), (z, y)} on the set {x,
v, z}. Which one of the following is TRUE?

(A) R is symmetric but NOT antisymmetric 35*
(B) R is NOT symmetric but antisymmetric 6 P“

(C) R is both symmetric and antisymmetric

(D) R is neither symmetric nor antisymmetric

http://www.knowledgegate.in/gate
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 Asymmetric relation: - A relation R on a set A is said to be Asymmetric,
If Va,b€EA
(a, b) ER

Conclusion: Symmetry is not allowed; even diagonal pairssare not allowed
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AnttSymmetric

AxA

¢
1(1,1), (2,2), (3,3)}

1(1,2), (2,3), (1,3);
1(1,1), (1,2), (2,1), (2,2)}
(1,1), (2,2), (3,3), (1,3), (2,1)}
1(1,3), (2,1), (2,3), (3,2);
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Smallest Asymmetric relation is

Largest Asymmetric relation will contain elements

Total number of Asymmetric relation will be

Every asymmetric relation is also anti-symmetric (T / F)

Sub set of a Asymmetric will also be Asymmetric (T / F)

Super set of a Asymmetric will also be Asymmetric(T / F)

If two relations Ry and R, are Asymmetric then their Union will also be Asymmetric(T / F).

If two relations R, and R, are Asymmetric then their Intersection will also be Asymmetric(T /
F).

If a relation’is Asymmetric thenlits complement-Rewill@always be Asymmetric. (T / F)
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}

e\
0 0 0 0 0 {}
0 0 0 1 1 {(b, b)}
0 0 1 0 2 {(b, a)}
0 0 1 1 3 {(b, a), (b, b)}
0 1 0 0 4 {(a, b)}
0 1 0 1 5 {(a, b), (b, b)}
0 1 1 0 6 {(a, b), (b, a)}
0 1 1 1 7 {(a, b)l;a), (b, b)}
1 0 0 0 8 {(a, a)}
1 0 0 1 9 {(a,«@), (b, b)}
1 0 1 0 10 {(a, a), (b, a)}
1 0 1 1 11 {(a, a), (b, a), (b, b)}
1 1 0 0 12 {(a, a), (a, b)}
1 1 0 1 13 {(3, a), (a, b), (b, b)}
1 1 1 0 14 {(a, a), (a, b), (b, a)}
1 il 1 1 15 {(a, a), (a, b), (b, a), (b, b)}

~
~
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{(a, b)}

{(b, a)}
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* Transitive relation: - A relation R on a set A is said to be Transitive,
If Va,b,ceA

(a, b) ER

(b, c) €ER
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Transitive

AxA

¢
(1,), (2,2), 3,3)}
(1,2), (2,3), (1,3)} |
(1,2),(1,2), 2,1), 2.2} =
((1,), (2,2), (3,3), (1,3, @D}

{(1,3), (2,1), (238),.(872)}
W b}
{(1,2), (1,3)}
{(2,3), (1,2)}
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1. Smallest Transitive relation is

2. Largest Transitive relation will contain elements

3. If two relations R, and R, are Transitive then their need not
to be transitive but will also be transitive.
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}
m-—_

0 0 0
0 0 0
0 0 1
0 0 1
0 1 0
0 1 0
0 1 1
0 1 1
1 0 0
1 0 0
1 0 1
1 0 1
1 1 0
1 & 0
1 1 1
1 1 1

1
0
1

1

N

OewC0 N O L1 B~ W

10
11
12
13
14
15

{(b,
{(b,
{(b,
{(a,
{(a,
{(a,
{(a,
{(a,
{(ay
{(a,
{(a,
{(a,
{(a,
{(a,
{(a,

b)}
a)}
a), (b,
b)}
b), (b,
b), (b,
b), (b,
al
a), (b,
a), (b,
a), (b,
a), (a,
a), (a,

a), (a,

b)}

b)}
a)}
a), (b, b)}
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For E.g. if A={a, b}, AXA ={(a, a), (a, b), (b, a), (b, b)}
(@3 [@b [ kb |

0 0 0
0 0 0 1 1 {(b, b)}

0 0 1 0 2 {(b, a)}

0 0 1 1 3 {(b, ), (b, b)}

0 1 0 0 4 {(a, b)}

0 1 0 1 5 {(a, b), (b, b)}

0 1 1 0 6

0 1 1 1 7

1 0 0 0 8 {(a, @)}

1 0 0 1 9 {(8, a), (b, b)}

1 0 1 0 10 {(a, a), (b, a)}

1 0 1 1 11 {(a, a), (b, a), (b, b)}

1 1 0 0 12 {(a, a), (a, b)}

1 1 0 1 13 {(a, a), (a, b), (b, b)}

1 1 1 0 14

1 1 1 1 15 {(a, a), (a, b), (b, a), (b, b)}
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Warshall’s Algorithm: -
Q Consider aset A ={1,2,3} and a relation R={(1,1), (1,3), (2,2), (3,1), (3,2)}?
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Q Consider aset A ={1,2,3,4} and a relation
R={(1,1),(21),(2,2),(2,3),(2,4),(3,1),(3, 2), (3, 3), (3,4)}?
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Q The binary relation R={(1,1), (2,1), (2,2), (2,3), (2,4), (3,1), (3,2), (3,3),

(3,4)} on the set A={1,2,3,4}is
(a) reflexive, symmetric and transitive 3

(b) neither reflexive, nor irreflexive but transitiv
(c) irreflexive, symmetric and transitive

(d) irreflexive and antisymmetric

http://www.knowledgegate.in/gate
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* Equivalence Relation: - A relation R on a set A with cartesian product
AxA is said to be Equivalence, if it is

1. Reflexive
2. Symmetric
3. Transitive
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* If two relations R; and R, are Equivalence then their union
need not to be equivalence but intersection will also be
Equivalence.


http://www.knowledgegate.in/gate

R, : (3, b) iff (a + b) is even over the set of integers

http://www.knowledgegate.in/gate
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R, : (a, b) iff (a + b) is odd over the set of integers
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R;: (a, b) iff a x b >0 over the set of non-zero rational numbers
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R, : (a, b) iff |a—b]| <2 over the set of natural numbers

http://www.knowledgegate.in/gate
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Q Let S be a set of n elements. The number of ordered pairs in
the largest and the smallest equivalence relations on S

(A) nand n (B) n? and n ea

(C)n2and 0 (D) nand 1 GP“

http://www.knowledgegate.in/gate
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* Equivalence Class: - of an element is denoted by [x].
IX]={y | yEAand(x,y) ER}forallx € A

* We can have [x] = [y], evenifx =y
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Q Consider A={1, 2, 3, 4, 5} an equivalence relation Ron A, R =
{(1,1),(2,2),(3,3),(4,4),(5,5),(1,4),(4,1),(2,5),(5,2)} find the partitioq of a
set A, defined by R. )3

1] = |2
2] - GP:‘

3] -

4] -

5] (/

http://www.knowledgegate.in/gate
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Partitions of a Set: - let A be a set, with n elements. Based on our
understanding of equivalent classes, a subdivision of A into non-empty

and non-overlapping subset is called a partition of A.
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Q Consider A={1, 2, 3, 4, 5} an equivalence relation Ron A, R =

{(1,1),(2,2),(3,3),(4,4),(5,5),(1,4),(4,1),(2,5),(5,2)} find the partitiom of a
set A, defined by R. .
1]=1{1, 4) ‘6

2] = {2, 5} b

3] = {3} £ C

4] ={1,4} b

5]=1{2, 5}

SO we e partitions =

http://www.knowledgegate.in/gate
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Qlet A={1,2,3,4,5}is a set having partitions as {1, 4}, {2, 3, 5}, find the
equivalence relation from which these partitions are created?

¢

http://www.knowledgegate.in/gate
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e Partial Order Relation: - A relation R on a set A with cartesian product
AxA is said to be partial order, if it is

1. Reflexive

2. Anti - Symmetric

3. Transitive
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* Partial ordering set (Poset): - a set A with partial ordering relation R defined on
A is called a POSET and is denoted by [A, R]

 Fore.g.[A /], [A, <=], [P(S), E
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 Total order relation: - A Poset [A, R] is called a total order set, if

every pair of elements are comparable i.e. either (a, b) or (b,a) € R,
forVa,beA

* Fore.g. A={1, 2, 3, 6}, then Poset [A,/] is not astotal erder relation
but A={1,2,4,8} will be


http://www.knowledgegate.in/gate

Chapter-3 (POSET & Lattices)
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Conversion of POSET into a Hasse Diagram

If we want to study Partial order relation further then it will be bettert® convert
it into more convenient notation so that it can be studied easily. This.graphical
representation is called Hasse Diagram.

The diagrams are named after Helmut Hasse (1898—1979).

P xen-
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Steps to convert partial () Consider a Partial order relation and
order relation into hasse

diagram convert it into hasse diagram?
1-Draw avertexforeach R ={(1,1), (1,2), (1,4), (1,8), (2,2), (2:4),(2,8),
element in the Set (4,4)’ (4,8), (8,8)}

2-If (a, b) e R then draw an
edge fromatob

3- Remove all Reflexive and
Transitive edges

4- Remove the direction of
edges and arrange them in
the increasing order of
heights.
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Q Consider a Partial order relation and convert it into hasse diagram?
R =1{(1,1), (1,2), (1,3), (1,6), (2,2), (2,6), (3,3), (3,6), (6,6)}

http://www.knowledgegate.in/gate
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Q Study the following hasse diagram and find which of the
following are valid?
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W
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(8) (9) )

Conclusion
* We can not have a horizontal edge in a hasse diagram
* We can not have a reflexive and transitive edge in Hasse Diagram
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Q Let X=1{2,3,6,12,24}, Let < be the partial order defined by X <Y if x

divides y. Number of edges as in the Hasse diagram of (X, <) is.
(a) 3 (b) 4 (c) 9 (d) None of the a}éov

http://www.knowledgegate.in/gate
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Least Upper Bound / LUB / Join / Supremum / V

Least value in the upper bound

Greatest Lower Bound / GLB / Meet / Infimum / A

Greatest value in the lower bound
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Join Semi Lattice :- A hasse diagram/Partial order relation is called Join Semi
Lattice if for every elements their exists a Join.

Meet Semi Lattice :- A hasse diagram/Partial order relation is called Meet Semi
Lattice if for every elements their exists a Meet.

Lattice :- A hasse diagram/Partial order relation is called lkattice if their exist a Join
and Meet for every pair of element. Or A hasse diagram/Partial order relation is
called Lattice if it is both Join Semi Lattice and Meet Semi Lattice.
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ocegate.in
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Boolean algebra
e Unbounded Lattice :- If a lattice has infinite«of
elements then it is called Unbounded Lattice.
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 Bounded Lattice :- If a |lattice has finite number of elements
then it is called Bounded lattice, there will be upper and lower
bound in lattice.
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* Complement of an element in a Lattice :- If two elements a
and a¢, are complement of each other, then the followifig
equations must always holds good.

a V a¢ = Upper bound of lattice
a A\ a® = Lower bound of lattice
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* Distributive Lattice :- A lattice is said to be distributed lattice. if for every
element their exist at most one complement(zero or one).

« Complement Lattice :- A Lattice is said to be Complement lattice. if for every
element their exist at least one complement(one or more).

 Boolean Algebra :- A Lattice is said to be Boolean Algébra, if for every element
their exist exactly one complement. Or if a lattice is beth complemented and

distributed then it is called Boolean Algebra.



http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate

. " WWW.KNowledgegate.in/gate



http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate

RO

B |edgegate.in/gate



http://www.knowledgegate.in/gate

ocegate.in


http://www.knowledgegate.in/gate

Q The following is the Hasse diagram of the Poset [{a, b, ¢, d, e}, <]
The Poset is

(A) not a lattice

(B) a lattice but not a distributive lattice

(C) a distributive lattice but not a Boolean algebra

(D) a Boolean algebra
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Q Find which of the following is a lattice and Boolean Algebra?
(1) [{1,2,3,4,6,9}, /]

(2) [{2,3,4,6,12}, /]

(3) [{1,2,3,5,30}, /]

(4) [{1,2,3,6,9,18}, /] e

(5)[2,3,4,9,12,18}, /1

(7) [P(ARE], A=1{1,2,3}

http://www.knowledgegate.in/gate
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Q Consider the following hasse
diagram, find which of the

following is true?
a) subset {a, b, c, g} is a lattice

b) subset {a, b, f, g} is a lattice

c) subset {a, d, e, g} is a lattice

d) subset {a, c, €, g} is a lattice

http://www.knowledgegate.in/gate
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Chapter-4 (Functions)
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Function

* Functions are widely used in science, and in most fields of mathematics. It has been said that
functions are "the central objects of investigation" in most fields of mathematies:

e LetX={1,2,3,45}andY={2,3,4,5,6,7}and RE X * Y. Now this is a valid relation btt not a
function, because there is a element which is not participating inthe relationship secondly 5 is
relating with more than one element.
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Function
In mathematics, a function is a relation between sets that associates to every
element of a first set exactly one element of the second set.
A relation ‘f’ from a set ‘A’ to a Set ‘B’ is called a function, if each element of A is

mapped with a uniqgue element on B.
f: A>B

Rangeof fun =B
Rangeoff={y | yeBand(x,y) e f}
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*|If | Al =mand |B|=n, then number of functions
possible fromAtoB="
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One-to-One (Injective Function)

* An injective function (also known as injection, or one-to-one function) is a function that
maps distinct elements of its domain to distinct elements of its codomain. In other words,
every element of the function's codomain is the image of at most one element of its domain.
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One-to-One (Injective Function)
* A function F: A2>B is said to be one-to-one function if every element of A has
distinct image in B
* |f A and B are finite set, then one-to-one from A—=>B is possible
o if |A| <= |B]
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* No of function possible =?

http://www.knowledgegate.in/gate
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* No of function possible ="p_ =P (n, m)
 |If |A] =|B| =n, then no of functions possible is n!
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Q Let X and Y denote the sets containing 2 and 20 distinct objects respectively and
F denote the set of all possible functions defined from X and Y. Let f be randomly

chosen from F. The probability of f being one-to-one is
2

R cle

http://www.knowledgegate.in/gate
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Onto (Surjective Function)
e A function f from a set X to a set Y is surjective (also known as onto, or a surjection), if
for every element y in the co-domain Y of f, there is at least one element x in
the domain X of f such that f(x) = y. It is not required that x be unique; the
function f may map one or more elements of X to the same element of Y.
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Onto (Surjective Function)
* A function f: A 2 B is said to be onto if and only if every element of B isimapped
by at least one element of A.
e Rangeoff=8B

* If Aand Bare finite sets, then onto function from A—>B is possible, |B|<=|A|
 If |A| =|B], then every onto function from A to B is also one-to-one function.
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No of onto function possible from A to B
=nm—"c,(n-1)™ + "c,(n-2)™ - "cy(N-3)™ +---------
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Q The number of onto functions (surjective functions) from set X = {1, 2,
3,4}tosetY={a, b, c}is

http://www.knowledgegate.in/gate
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Q How many onto (or surjective) functions are there from an n-element

(n >=2) set to a 2-element set?
(A) 27 (B) 2" — 1 (C) 2" 2 (D) 2(2" — a

http://www.knowledgegate.in/gate
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Bijective Function

* In mathematics, a bijection, bijective function, one-to-one correspondence, or invertible
function, is a function between the elements of two sets, where each element of one set is
paired with exactly one element of the other set, and each element of the other'set is paired

with exactly one element of the first set. There are no unpaired elements.
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* A function f: A>B is said to be bijection if f is one-to-one and onto.
e Bijection from A and B is possible, if |A| = |B]
* No of Bijection from Ato B =n!
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Inverse of a function
* In mathematics, an inverse function (or anti-function) is a function that "reverses"

another function
 If the function f applied to an input x gives a result of y, then applying.itsinverse

function f!to y gives the result x, and vice versa.
e f(x) =ythenf!(y)=x.
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ef(x) =5x—7

+Fily) = (v +7)/5 e P:‘a
U

http://www.knowledgegate.in/gate
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Q Let R denote the set of real numbers. Let f: RxR—>RxR be a bijective function defined by f (x, y)
= (x +y, x—y). The inverse function of fis given by

a) fi(x, y)=(1/(x+y),1/(x-y))

b) f'l(x, y)=(X -y, X+ y)

c) FHx, y)=((x+v) /2, (x=y) / 2) / \

http://www.knowledgegate.in/gate
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Function composition

* In mathematics, function composition is an operation that takes two functions.f and g
and produces a function h such that h(x) = g(f(x)).

* In this operation, the function g is applied to the result of applying the funetion f to x.
That is, the functions f: X - Yand g: Y - Z are composed 10 yielda'function that
maps x in X to g(f(x)) in Z
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* fog(x) = f(g(x))
* gof(x) = g(f(x))

 Composition of functions on a finite set: If f = {(1, 3), (2, 1), (3, 4), (4, 6)}, and g ={(1, 5), (2, 3),
(3,4), (4, 1), (5, 3), (6, 2)}, theng o f={(1, 4), (2,5), (3, 1), (4, 2)}.

* The composition of functions is always associative—a property inherited from the
composition of relations. That is, if f, g, and h are three functionsswith suitably chosen
domains and codomains, then fo (go h)=(feog) o h
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Q If g(x) = 1-x and h(x)=x / (x-1), then g(h(x)) / h(g(x)) is:
a) h(x) / g(x) b) -1/ x c) g(x) / h(x) d) x / (1-x)2

‘ € 4
/."\ 6 P

/\ ' 3

A
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*Chapter-5 (Graph Theory)
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Graph Theory

1. Agraph G (V, E) consist of a set off objects V = {V;, V,, V;5....,V\} called vertices and another
set E={E,, E,, E;,....,E ,} whose elements are called edges.

2. Each edge e is identified with an unordered pair (v, v;) of vertices.

3. The vertices v, v, associated with edge e, are called the end vertices of e,.
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Self-Loop: Edge having the same vertex (v, v;) as both its end vertices is called self-loop.

Parallel Edge: When more than one edge associated with a given pair of verticessuch edges
are referred as parallel edges.

Adjacent Vertices: If two vertices are joined by the same edges, they.are called"adjacent
vertices.

Adjacent Edges: If two edges are incident on some vertex, they are called adjacent edges.
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. Finite graph: - A graph with finite number of vertices as well as the finite
number of edges is called a finite graph.

For simple graph we can say if the number of vertices are finite then.number of
edges will also be finite.
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. Null Graph: A graph is said to be null if edge set is empty E = {}, that is a graph
with only vertices but no edges.

. Trivial Graph: A graph with only one vertex without an edge is called trivial
graph. It is the smallest possible.
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Complete or Full Graph: In a simple graph there exist an edge between each
and every pair of vertices i.e. every vertex are adjacent to each other, then the

graph is said to be a complete graph, denoted by K
/.
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1. A simple graph with maximum number of edges are called
Complete Graph.

2. Number of edges in a simple graph is n(n-1)/2
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Q Number of simple graph possible with n vertices?

http://www.knowledgegate.in/gate
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Q Number of simple graph possible with n vertices and e edges?

http://www.knowledgegate.in/gate
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Degree

Degree of a Vertex: The degree of a vertex in an undirectedgraph is
the number of edges associated with it, denoted by deg(w):

VYertex |Degree

1
1
1
4
4
1
2
2
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* |solated vertex: A vertex with degree zero is called isolated vertex.

* Pendant vertex: A vertex with degree one is called pendant vertex.

Yertex |Degree

1
1
1
4
4
1
2
2
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 Hand-shaking theorem: - Since each edge contribute two degree in the
graph, the sum of the degree of all vertices in G is twice the number of
edges in g.

-
3
o

1
1
1
4
4
1
2
2
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* The number of vertices of odd degree in a graph is always even.
* Z?=1 d(vi) = Yepen A(VI) + Zodd d(vi)

Vertex |Degree

1
1
1
4
4
1
2
2
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Q A simple graph G contains 21 edges, 3 vertices of degree 4 and all the
remaining vertices are of degree 2. Then number of vertices | v}

http://www.knowledgegate.in/gate
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Q A simple non-directed graph G has 24 edges and degree of
each vertex is 4, then find the |v|?

-¢0 P‘%

http://www.knowledgegate.in/gate
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Q Consider a simple graph with 35 edges such that 4 vertex of
degree 5, 5 vertex of degree 4, 4 vertex of degree 3, fi e
number of vertex with degree 2? A

ePﬁe

http://www.knowledgegate.in/gate
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Q Simple non-directed graph G has 24 edges and degree of each

vertex is K, the which of the following is possible no of ices?
a) 20 b) 15 c) 10 d) 8 A

ePﬁe

http://www.knowledgegate.in/gate
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 §(G) is the minimum possible degree of any vertex in a graph

 A(G) is the maximum possible degree of any vertex in a graph.

-
3
o

1
1
1
1
4
1
2
2
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2[E||<=A(G)"|VIG)|

ePﬁe*

W

http://www.knowledgegate.in/gate
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Q G is undirected graph with n vertices and 25 edges such that each
vertex has degree at least 3. Then the maximum possible value_ofn is

C c,P:‘g

//‘

/

http://www.knowledgegate.in/gate
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Q Minimum number of vertices possible in a simple graph if 41

edges and degree of each vertex is at most 5?
“e*
R cla

//‘

/
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1. The Havel-Hakimi algorithm is an algorithm in graph theory solving the graph realization
problem. That is, it answers the following question: Given a finite list of nonnegative integers,
is there a simple graph such that its degree sequence is exactly this list.

2. Here, the "degree sequence" is a list of numbers that for each vertex of the'graph states how
many neighbors it has. For a positive answer the list of integers is called graphie.

3. The algorithm constructs a special solution if one exists or proves that one cannot find a
positive answer. This construction is based on a recursive algorithm. The algorithm was
published by Havel (1955), and later by Hakimi (1962).
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Q Which of the following degree sequence represent a simple non-directed graph?
1) {21 3I 3) 4) 4I 5}

2) {21 3) 4I 4I 5}

http://www.knowledgegate.in/gate
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4) {1’ 3’ 3' 4) 51 6; 6}

5) {2, 3, 3, 3, 3}

P:‘a

6) {6, 6, 6, 6, 4, 3, 3, 0} ) y{// \ ) Ao

7) {6, 514 2 2, 2}

http://www.knowledgegate.in/gate
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Some Popular Graph
Bi-partite graph: - A graph G(V, E) is called bi-partite graph if it’s vertex set V(G) can be
partitioned into two non-empty disjoint subset V,(G) and V,(G) in such a way that each edge
e € E(G) has it’s one end point in V,(g) and other end point in V,(g). The partition V.=V, U V,
is called bipartition of G.

Complete Bi-partite graph: - A Bi-partite graph G(V, E) is called Complete bi-partite graph if
every vertex in the first partition is connected to every vertexinthe second partition,
denoted by K, ,..
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Cycle Graph: - A cycle graph or circular graph is a graph that consists of a
single cycle, or in other words, some number of vertices (at least 3) connected
in a closed chain. The cycle graph with n vertices is called C,. The number of
vertices in C, equals the number of edges, and every vertex has degree 2; that
IS, every vertex has exactly two edges incident with it.
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* Regular graph: - A graph in which all the vertices are of equal degree is
called a regular graph. E.g. 2-regular graph, 3-regular graph.

=
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w

Complement of a Graph
The complement of a simple graph G (V, E) is a graph G¢(V, E¢) on the same
vertices set as of G, such that there will be an edge between two vertices u, v in
G¢if ang only if there is no edge between u, vin G. i.e. two vertices of Gc are
adjacent iff they are not adjacent in G.
V(G) = V(G)
E(G®) = {(u, v) | (u, v) & E(G)}
E(G) = E(K,) - E(G)
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Properties

1. GUG =K,
2. G G°=null graph

3. |E(G)] + |E(GY)| = E(K,) = n(n-1)/2
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Q A simple graph G has 30 edges and G¢ has 36 edges, the number
of vertices in G will be?

http://www.knowledgegate.in/gate
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Q A simple graph G has 56 edges and G¢ has 80 edges,

the number of vertices in G will be? 3
AN

o
http://www.knowledgegate.in/gate
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Q A simple graph G has |v|=8 and |E|=12, find number of
edges in |E(G®)|?

http://www.knowledgegate.in/gate
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Traversal

« Walk / Edge Train / Chain: -A Walk is defined as a finite alternating sequence of vertices and
edges, beginning and ending with vertices, such that each edge is incident with the vertices
preceding and following it. Both vertex and edges may appear more than once.

* An open walk in graph theory is a walk that starts and ends
at different vertices, whereas a closed walk starts and ends
at the same vertex.

* An open walk becomes a path when it does not revisit any
vertices Number of edges in a path is called length of a
path.

Traversal L\ ‘ Wa Ipen Walk Closed Walk Path
V,gVsbV,eV,dV;bV,
V,aV,eV,dV; bV, fVs
V,gV3¢cV;bV,aV,
V,aV,bVadViehVs
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Connected Graph: A graph is said to be connected if there is at least one path
between every pair of vertices in G.

A graph with n vertices can be connected with minimum n -1 edges.

A graph with n vertices will necessary be connected if it has moreithan
(n-1)(n-2)/2 edges.

if a graph (connected or disconnected) has exactly two vertices of odd degree,
there must be a path joining these two vertices
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Q Which condition is necessarily for a graph to be connected?

a) A graph with 6 vertices and 10 edges
<)
ch

b) A graph with 7 vertices and 14 edges

c) A graph with 8 vertices and 22 edges

4

d) A gfaph with 9 vertices and 28 edges
http://www.knowledgegate.in/gate
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Euler Graph
 Euler Graph: - If some closed walk in a graph contains all the edges of the
graph(connected), then the walk is called a Euler line and the graph a Euler

Graph.
 Agiven connected graph G is a Euler graph if and only if allvertices of G are of

even degree.
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Hamiltonian
1. Hamiltonian Graph: - A Hamiltonian circuit in a connected graph is defined as a
closed walk that traverses every vertex of G exactly once, except of course the

starting vertex, at which the walk also terminates. A graph containing
Hamiltonian circuit is called Hamiltonian graph.

2. Finding weather a graph is Hamiltonian or not is a NPC problem.
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Euler
Graph

Hamiltonian

Graph
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Hamiltonian
Graph
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Euler
Graph

Hamiltonian

Graph
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Planer Graph
Planer Graph: - A graph is called a planer graph if it can be drawn on a plan in such
a way that no edges cross each other, otherwise it is called non-planer. Application:
civil engineering, circuit designing
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s WhNPe

Simplest Non-Planer Graphs
Kuratowski’s case I: - Kc

Kuratowski’s case Il: - Ks 3

Both are simplest non-planer graph

Both are regular graph

If we delete either an edge or a vertex from any of the graph, they will become
planer
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‘Kazimierz Kuratowski ( 2 February 1896 7 |
— 18 June 1980) was R
a Polish mathematician and logician.
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Euler's formula

A planer graph divides the plane into number or regions (faces, planer embedding), which are
further divided into bounded(internal) and unbounded region(external).
Euler's formula states that if a finite, connected, planar graph with v is the.number of

vertices, e is the number of edges and r is the number of faces (regions boundedby edges,
including the outer, infinitely large region), then

r=e—v+2

Euler's formula can be proved by mathematical induction
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e Euler's formula (Disconnected graph):V—e+r—k=1
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Q In an undirected connected planar graph G, there are eight

vertices and five faces. The number of edges in G is

(a) 10

(b) 11 >

(c) 12

(d) 6

4

http://www.knowledgegate.in/gate
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Q Let G be a simple connected planar graph with 13 vertices and 19 edges.
Then, the number of faces in the planar embedding of the graph is

(A) 6 (B) 8 (9 (D) 13 A
o\

ch’
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Other formula derived from Euler’s formula

Connected planar graphs with more than one edge obey the inequality.2e>=3r,
because each face has at least three face-edge incidences and each edge
contribute exactly two incidences.

Degree of the region is number of edges covering the region.'Sum of degree of
regions = 2| E|
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Usingr=e—v + 2 and 3r<=2e Usingr=e—v + 2 and 3r<=2e
eliminating r we get, e<3v—6  Eliminating e we get, r<2v-4
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Graph Coloring
 Graph coloring can be of two types vertex coloring and region colering.

N

2 S
: )

o
i

\/
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Associating a color with each vertex of the graph is called vertex coloring.

Proper Vertex coloring: - Associating all the vertex of a graph with colors such
that no two adjacent vertices have the same color is called propervertex
coloring.

) ()X
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 Chromatic number of the graph: - Minimum number of colors required to do a
proper vertex coloring is called the chromatic number of the graph, denoted by
X(G). the graph is called K-chromatic or K-colorable.
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e Cost of finding chromatic number is an NPC problem and there exists no
polynomial algorithm to do that. There exists some greedy approach which try
to solve it in P time, but they do not guarantee optimal solution.
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Q The minimum number of colors that is sufficient to vertex
color any planar graph is

http://www.knowledgegate.in/gate
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* Trivial graph is 1-chromatic
 Agraph with 1 or more edge is at least 2-chromatic
* A complete graph K_is n-chromatic
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* Tree is always 2-chromatic
* Bi-partite graph is 2-chromatic
* C,is 2-chromaticif nis even, C_ is 3-chromatic if n issodd
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 5-color theorem-any planer graph is at most 5-chromatic
e 4-colour theorem/hypothesis- any planer graph is 4-chromatic
* If A(G) is the maximum degree of any vertex in a graph then, x(G) <=1 + A(G)
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Tree
* Atreeisaconnected graph without any circuit.

L



http://www.knowledgegate.in/gate

* There is one and only one path between every pair of

Vet ma ee . 5

u
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* [finagraph G, there is one and only one path between

every pair of vertices then G is a tree
A
<€)
ch

u

http://www.knowledgegate.in/gate
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* Atree with n vertices has n-1 edges

W

http://www.knowledgegate.in/gate
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* Any connected graph with n vertices and n-1

edges in a tree GP:‘ a

u
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 Agraphis atree if and only if it is minimally

connected OP:‘ a

u

http://www.knowledgegate.in/gate
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* A graph G with n vertices and n-1 edges and no

circuit is connected a
oK

u

http://www.knowledgegate.in/gate
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Eccentricity: - Eccentricity of a vertex is denoted by E(v) of a
vertex v in a graph G, it is the distance from V to the vertex
farthest from Vin G. E(v) = max d(v, v)) v.€ G
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e A vertex with minimum eccentricity in a tree T is called center of T.
* Minimum eccentricity of any vertex in a tree T is called radius of tree.
(eccentricity of center)

 Maximum eccentricity of any vertex in a tree T is called diameter ofitree. (length
of the longest path)
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* Every tree has either one or two centers.
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Q Let T be a tree with 10 vertices. The sum of the degrees of all
the verticesin T is

http://www.knowledgegate.in/gate
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Spanning tree

* AtreeTis said to be spanning tree of a connected graph G, ifd is a
subgraph of G and T contains all vertices of G.
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* An edgeinaspanningtree T is called a branch of T
* An edge that is not in the given spanning tree T is called a chord.
 Branch and Chord are defined with respect to a given spanningtree.
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With respect to any of its spanning tree, a connected graph of n vertices and e edges has n-1
branches and e-n+1 chord

A connected graph G is a tree if and only if adding an edge between any two vertices in g
creates exactly one cycle.

Rank(r) = n-1

Nullity(n) =e—n+1

Rank + nullity = number of edges in G
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Spanning Forest: - if a graph is not connected, then there is no possibility of finding a spanning
tree, but we can find a spanning forest. If a graph is not connected then we can find connected
components, finding a spanning tree in each component we can find spanning forest.

A disconnected graph with K components has a spanning forest consisting of K spanning tree.
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1. Rank(r) = n-k
2. Nullity(n)=e—n+k
3. Rank + nullity = number of edges in G
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Fundamental circuit: - With respect to a spanning tree T in a connected graph G,
adding any one chord to T will create exactly one circuit such a circuit formed by
adding a chord to a spanning tree is called fundamental circuit.
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Cut-Set (edge and vertex connectivity)
Cut-Set (Edges)
Cut Set: - In a connected graph G, a cut set is a set of edges whose removal'from g

leaves G disconnected, provided removal of no proper subset of these edges
disconnects G. 1

Cut Set Validity
{a,f, 8}
{a, e, h, c}
{a, i}

{e, hj'f, g}
{d, h, ¢, g}
{d, e, f}



http://www.knowledgegate.in/gate

Connectivity: - each cut-set of a connected graph G consist of a certain

number of edges. The number of edges in the smallest cut-set is.«defined

as the edges connectivity of G. It is denoted by A(G).

* if the edge connectivity from a graph is one, then that.edge"how's
removal disconnect the graph is called a bridge:
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Every Cut Set in a connected graph G must contain at least

one branch of every spanning tree of G.
Every circuit has an even number of edges in commeon with

any Cut-Set.
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Cut-Set (Vertex)

Cut Set: - In a connected graph G, a cut set is a set of vertices whose remowal from
g leaves G disconnected, provided removal of no proper subset of these vertices
disconnects G.

Cut Set Validity
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Vertex Connectivity: - Each cut-set of a connected graph G consist of a certain
number of vertices. The number of vertices in the smallest cut-set is defined as the
vertex connectivity of G. It is denoted by k(G).

A connected graph is said to be separable of its vertex connectivity'is.one.

* If the vertex connectivity of a graph is one, then that vertex how removal
disconnects a graph is called articulation point.
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1.

Isomorphism

In general, two graphs are said to be isomorphic if they are perhaps the same graphs, but just
drawn differently with different names. i.e. two graphs are thought of as isomorphicif they
have identical behavior in terms of graph-theoretic properties. 4 *

Formally speaking: - Two graphs G and G’ are said to be isomorphic, if thére is 4'one to one
correspondence between their vertices and between their edges suchithat the incidefice

/

relationship is preserved.
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1. Determining if two graphs are isomorphic is thought to be neither an NP-
complete problem nor a P-problem, although this has not been proved.

2. Infact, there is a famous complexity class called graph isomorphism
complete which is thought to be entirely disjoint from both NP-complete and

from P.
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Q How many simple non isomorphic graphs are possible
with 3 vertices ?

http://www.knowledgegate.in/gate
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Q How many simple non isomorphic graphs are possible with 4
vertices and 2 edges ?
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Q How many simple non isomorphic graphs are possible with 4
vertices and 3 edges ?

http://www.knowledgegate.in/gate
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Q How many simple non isomorphic graphs are possible
with 5 vertices and 3 edges ?

e

-
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Q How many simple non isomorphic graphs are possible with 6 vertices
and 6 edges, such that degree of every vertex must be same ?

¢
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Q How many simple non isomorphic graphs are possible with 8 vertices
and 8 edges, such that degree of every vertex must be same ?

¢

http://www.knowledgegate.in/gate
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How to check weather two graphs are isomorphic or not

Number of vertices

Number of edges

Number of vertices with a given degree

Check degree property of vertices with their neighbor

Check minimum cycle length, maximum cycle length, or

number of cycle with a specific length

6. Can check isomorphism for complement of the graph

7. Planer, non-planer

8. Connected disconnected

9. Chromatic number

10. Matching number, covering number

11. Edge connectivity, vertex connectivity

12. If it seems that graphs are isomorphic to each other then
identify the similar vertex and delete both, and keep
repeating the process until we are sure..

s wh e
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Matching: - Let G be a graph, a subgraph M of G is called a matching of G, if every vertex of G is
incident with at most one edge in M.

deg(v) <=1, V, VeV(G)

* |n matching no two edges are adjacent
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Maximal Matching: - A matching M of a graph G is said to be maximal, if no other edges of G can be added to M,
without violating the deg condition.

Maximum Matching: - A matching of a graph with maximum no of edges is called a maximum matching of G.

* Number of edges in a maximum matching of G is called matching number.



http://www.knowledgegate.in/gate

Perfect Matching: - A matching of a graph in which every vertex is matched is called perfect
matching.

1. If agraph G has a perfect match then no of vertices in G is even.

2. If no of vertexes is even, it is not necessary to have a perfect match.

3. No of perfect matchings are there in a complete graph K. is [(2n)!]/n!2"



http://www.knowledgegate.in/gate

Covering
Line Covering: - Let G (V, E) be a graph, a subset C of E is called a line covering of G, if every

vertex of G is incident with at least one edge in C. (deg at least one)
deg(v) >=1

* Line covering of a graph G does not exist if G has an isolated vertex
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 Minimal Line covering: - A line covering is said to be minimal if no edge can be
deleted from the line covering, without destroying its ability to cover the graph.
 Minimum line covering: - A line covering with minimum no of edges is called a

minimum line covering.
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* No of edges in minimum line covering is called line covering number of a graph

G, denoted by Q4
* line covering of a graph with n vertices contain at least upper bound(n/2) edges.
* no minimal line covering can contain a cycle.
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Independent Line set: - Let G (V, E) be a graph, a subset L of E is called
independent line set of G, if no two edges are adjacent.

L = 1(b, d)}
L, =1(b, d), (e, 1)}
3=1(a, d), (b, c), (e, f)}
L, =1(a, b), (e, f)}
5 =1(a, b), (d, c), (e, f)}
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Maximal independent Line set: - An independent line set L of a graph G is said to be maximal if no

other edges of G can be added to L.
Maximum independent line set: - An independent line set L of a graph G, with maximum-n© of edges is

called maximum independent line set.
No of edges in maximum independent line set is called Line independent number.of'G denoted by B,

line independent no = matching no of G

o, +B,=|V]

1 = (b, d)}
)~ {(b, C)/ (el f)}
-3 = {(al C), (b, C)/ (el f)}

=d(a, b), (e, 1)}
=1la, b), (d, c), (e, f);
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Vertex Covering: - Let G (V, E) be graph, a subset K of V is called a vertex coving of
G. if every edge of G is incident with a vertex in K.

K1 = {b; d}
KZ = {a) bl C}
K3 = {b; CI d}

K4 = {a) bl C/ d}
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Minimal vertex cover: - Vertex covering K of a graph G is said to be minimal if no vertex can be deleted
from K, without violating the condition.

Minimum vertex covering: - A vertex covering of a graph G with minimum number of vertices'is called as
minimum vertex covering.

* No of vertices in a minimum vertex covering is called vertex Covering no of graph Gidenoted by a,

Ky =1{b, d}

K, =1a, b, c}
K =1b, ¢, d}
K, =4a, b, c, d}
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Independent vertex set: - let G (V, E) be a graph, a subset S of V is called an
independent vertex set if no two vertices in S are adjacent.

S; =1{b}
S,=1{d, e}
S;={a, c}
S;=1a, b, c}

SS = {a) C; e}
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Maximum independent Vertex Set: - An independent vertex set is said to be maximal, if no other vertex
of G can be added to the set.
Maximum independent vertex set: - An independent vertex set of graph G with maximum.no“of vertices

is called maximum independent vertex set.
The number of vertices in maximum independent vertex set is called as vertex independéent number of G

donated by (3,
o, +B,=|V]

S; = {b}
= {dl e}
{a, c, e}

n N
w N
I I
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*Chapter-6 (Group Theory):


http://www.knowledgegate.in/gate

Group Theory

. Group theory is very important mathematical tool which is used in a number of areas in research.and
application. Using group theory, we can estimate the strength of a set with respect to an operator. This idea
will further help us in research field to identify the correct mathematical system to work in a_particular

research area. E.g. can we use natural numbers in complex problem area like soft computing er'studying black
holes.

Find the odd one in the group

g
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1. Closure property: - Consider a non-empty set A and a

binary operation * on A. A is said to be closed with
respectto *,if V a, b € A, then a*b € A.

Algebraic Structure: - A non-empty set A is said to be
an algebraic structure with respect to a binary
operation *, if A satisfy closure property with respect
to *.

Algebraic
I S
(N, +)
(N, -)
(N, /)
(N, x)
(Z, +)
(Z,7)
(Z,/)
(Z, x)
(R, +)
(R, -)
(R, /)
(R, x)
(M, +)
(M, x)
(E, +)
(E, x)
(O, +)
(O, x)
(R-0, x)
(R-0, /)

(Non-Singular Matrix, x)
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1.

Associative property: - Consider a non-empty set A
and a binary operation * on A. A is said to be
associative with respectto *,if V a, b, c € A, then

(a*b) *c = a*(b*c)

Semi-Group: - A non-empty set A is said to be a Semi-
group with respect to a binary operation *, if A satisfy
closure, Associative property with respect to *.

(N, +)
(N, -)
(N, /)
(N, x)
(Z,+)
(Z, )
(Z,/)
(Z, x)
(R, +)
(R, -)
(R, /)
(R, x)
(M, +)
(M, x)
(E, +)
(E, x)
(O, +)
(O, x)
(R-0, x)
(R-0, /)
(Non-Singular
Matrix, x)
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1.

Identity property: - Consider a non-
empty set A and a binary operation * on
A. A is said to satisfy identity property
with respect to *, if V a € A, there must
be unique e € A, such that
a*e=e*a=a

There is exactly one Identity element in
the set and will be same for all element in
the set.

Monoid: - A non-empty set A is said to be
a Monoid with respect to a binary
operation *, if A satisfy closure,
Assaociative, identity property with
respect to *.

(N, +)
(N, -)
(N, /)
(N, x)
(Z, +)
(Z,-)
(Z,/)
(Z,%)
(R, +)
(R, -)
(R, /)
(R, x)
(M, +)
(M, x)
(E, +)
(E, x)
(O, +)
(O, x)
(R-0, x)
(R-0, /)
(Non-Singular
Matrix, x)
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Inverse property: - Consider a non-empty set A and a binary
operation * on A. A is said to satisfy inverse property with respect to

* if V a € A, there must be unique element a1 € A, such that (N, +)
a*al=al*a=e (N, -)
(N, /)
Every element has a exactly one unique inverse which is also present (N, x)
in the same set. (Z, +)
(Z, -)
If a is the inverse of b, then b will be invers one a. (Z,/)
(Z, x)
No two elements can have the same inverse : (R, +)
(R, -)
Identity element is its own inverse. (R, /)
(R, x)
Group: - A non-empty set A is said to be a group with respect to a (M, +)
binary operation *, if A satisfy closure, Associative, identity, inverse (M, x)

property with respect to *. (E, +)

(E, x)

(O, +)

(O, x)
(R-0, x)
(R-0, /)

(Non-Singular
Matrix, x)
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If the total number of elements in a group is even then there exists at least one
element in the group who is the inverse of itself.

Some time it is also possible that every element is inverse of itselfin.a group.
Inagroup(a*b)l=bl*alforVa beA

Cancelation law holds good

1. a*b=a*c =2 b=c

2.¢7a*c=b*c =2 a=b
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1. Commutative property: - Consider a non-
empty set A and a binary operation * on A.
A is said to satisfy commutative property
with respect to *, if V a, b € A, such that
a*b=Db*a

2. Abelian Group: - A non-empty set A is said
to be a group with respect to a binary
operation *, if A satisfy closure,
Associative, identity, inverse, commutative
property with respect to *.
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Q Consider a set of natural numbers N, with respect to *, such that

a * b = a® which of the following is true?
a) semi group but not monoid b) A monoid but not a grouﬂ*
c) Agroup d) not a semi group 6 P‘ |

http://www.knowledgegate.in/gate
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Qlet{p, g, r, s} be the set. A binary operation * is defined on the set and
is given by the following table:Which of the following is true about the
binary operation?

a) it is commutative but not associative

b) it is associative but not commutative

c) it is both associative and commutative
d) it is neither associative nor commutative

http://www.knowledgegate.in/gate
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Q Consider a set of integers Z, with respect to *, such that a * b = max

(a, b) which of the following is true?
a) Algebraic structure 35*

b) semi-group

c) Monoid

¥

d) gro
http://www.knowledgegate.in/gate
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Q which of the following is not a group?
a) { 6,-4,-2,0,2,4,6, ... L -

¢l
b) {.... -3k, -2k, -k, O, k, 2k, 3k, ....}, + [k € Z] /GP‘

/‘ 7

d) set oficomplex number, X

http://www.knowledgegate.in/gate
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Q Consider the set of all integers(Z) with the operation defined

asm*n=m+n+2, mMne’Z
if (z, *) forms a group, then determine the identity eleé
a)0 b) -1 c) -2 d) 2 P

http://www.knowledgegate.in/gate
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Q Consider a set of positive rational number with respect to an

operation *, such that a*b = (aXb)/3, it is known that the it is a elian
group, which of the following is not true? .
a) identity element e = 3 b) inverse of a =9/a ;‘e

c) inverse of 2/3 =6 d) inverse of 3 =3

http://www.knowledgegate.in/gate
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Finite Group: - A group with finite number of elements is called a
finite group.

Order of group: - Order of a group is denoted by O(G)="no"0f

elements in G
* Ifthereis only one element in the Group, itimust be an identity

element.
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Q Check out which of the following is a finite group?
1- {O}, + 2- {1}1 X

o

3- {011}1 + 4- {011}1 X 3- {_1; O) 1}) + 6- {_11 O; 1}; X
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Q Check out which of the following is a finite group?
7- {-1/ 1}) + 8- {-1/ 1}) X 9- {-2) -1) O) 1) 2}) +



http://www.knowledgegate.in/gate

Q Check out which of the following is a finite group?
10-{-2,-1,0, 1, 2}, X 11- {1, w, w?}, X 12-{-1, 1,1, -i}, X
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Conclusion: - it is very difficult to design finite group as with
number greater than 2 closure property fails with simple addition
and multiplication operation.

So we will try to develop new modified additien and multiplieation
operators with which closure and other properties can be satisfied.
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 Addition modulo: - addition modulo is a binary operator
denoted by +_, such that

* a+,b=a+b if(a+b<m)

* a+,b=a+b-m if(a+b>=m)

{OI 11213}; +4 e
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 Multiplication modulo: - Multiplication modulo is a binary
operator denoted by * = such that

* aX,b=aXb if (@ X b<m)

e aX,b=(aXb)%m if (@ Xb>=m)

{112)3)4} X'\
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Q Check out which of the following is a group?
1- {O/ 1)213}1 +4 2- {O/ 1)213}1 X4
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3- {011)213;41516}1 +7 6_ {011)213;41516}1 X7
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13-{1,3,5,7}, X  14-{1,2,4,7,8,11,13,14}, X,

13|57
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Q Consider the binary operation @ oversetZ, =10, 1, 2, ...... , h-1

a®@b=a+b if(a+b<n)
a®@b=a+b—-n if(a+b>=n) a
a) it is closed GP‘

b) it does not form a group
c) it forms a group butnot.an abelian group

d)iti an abelian group

http://www.knowledgegate.in/gate
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Sub Group

The subset of a group may or may not be a group.

When the subset of a group is also a group then it is called suld grotip.
The identity element of a group and its sub group is always same.
Union of two subgroup may or may not be a subgroup.

Intersection of two subgroup is always a subgroup.

Lagrange’s theorem: - the order of a group is always exactly divisible by the
order of a sub group.
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Q consider a group G ={1,3,5,7}, Xg which of the following sub set of this set does not form is sub
group?

a) {1,3} b) {1,5} c) {1,7} d) {1,3,7) —4
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Q Let G be a group with 15 elements. Let L be a subgroup of G. It is
known that L = G and that the size of L is at least 4. The size of

A3 (B)5 (7 (D)9 c
N

4

g ,«‘/‘

http://www.knowledgegate.in/gate
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Q let (A, X) be a group of prime order, how many proper-

subgroups are possible for A?
a) 0 b) 1 c) P-1 d) P "e‘

, J : 6
W

http://www.knowledgegate.in/gate
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Order of an element: - (A, *) be a group, then ¥V a € A, order of a is denoted by O(a).

1.

O(a) =n (smallest positive integer), such thata"=e

Order of identity element is always one.

Order of an element and its inverse is always same.

Order of an element in an infinite group does not exist or infinite expect identity.

Order of a group is always divisible by order of every element of the group.
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Q consider a group {0,1,2,3}, +, and find the order of each element?

http://www.knowledgegate.in/gate
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Q consider a set on cube root of unity {1, w, w?}, X and find the order of

each element?
3
e i

http://www.knowledgegate.in/gate
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Q consider a set on forth root of unity {-1, 1, |, -i}, X and find the order of

each element?
3
e i

http://www.knowledgegate.in/gate
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Generating element or Generator: - A element ‘a’ is said to be a
generating element, if every element of A is an integral power ofa, i.e.

every element of A can be represented using power of a.

A ={al, a% a3, a% a>....}
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Cyclic group: - A group (A, *) is said to be a cyclic group if it contains at least one
generator.

1. In a cyclic group if an element is a generator than its inverse will.also.be a

generator.
2. The order of a cyclic group is always the order of the'generating element of G.

Cyclic group is always alelian group.
4. Every group of order prime no is always always cyclic group where every
number expect identity is generator.

w
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Number of generators

Lagrange’s theorem: - let A be a cyclic group of order n, number of
Generator in A is denoted by ¢(n) ={n(p;-1) (p,-1) (p5-1)sst..0cxt (p-1)}/

(P1P2P3 e Py)
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Q let G be a cyclic group, O(G) = 8, number of generators in G =?

http://www.knowledgegate.in/gate
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Q let G be a cyclic group, O(G) = 70, number of generators in G =?

http://www.knowledgegate.in/gate
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Q Let s = set of all integers. A binary operation * is defined by
a*b=a+b+3

consider the following statements

S,: (S,*) is a group ‘ea
S,: -3 is identity element of (S, *) 6 P

S;: the inverse of -6is 0

which of the following are true
a) Only S; and S,

http://www.knowledgegate.in/gate
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*Chapter-7 (Proposition):
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Proposition

* First we must look at the difference between Scientist and Philosopher. Philosopher give an
idea or theory which may have different interpretation from person to person.it depends on
the wisdom of a person.

Confucius
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* Logic in Reasoning: Developed by Aristotle, it's a precise method for
reasoning.

* Beyond Propositions: Other reasoning methods exist for problem-solving.

* Role of Logic: Central to mathematical statements, automated reasoning,
and computer science.

* Proofs and Theorems: Correct arguments in math called proofs; proven
statements are theorems.

* Propositional Calculus: A section of logic, also known as propositional or
predicate logic, formalized by Aristotle.

* Generating Propositions: George Boole discussed methods in "The Laws of
Thought" (1854).
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* A proposition is a declarative sentence (that is, a sentence that declares a fact) that is
either true or false, but not both.
1. Delhiis the capital of USA
2. How are you doing
3. 5<=11
4. Temperature is less than 10 C
5. Itis cold today

6. "Read this carefully

7. Xty=1z2
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Premises is a statement that provides reason or support for the
conclusion(proposition). Premises(proposition) is always considered to be true.
If a set of Premises(P) yield another proposition Q(Conclusion), then it is€alled an

Argument.
An argument is said to be valid if the conclusion Q can be derived ffom the premises

by applying the rules of inference.

{P].' Pz, P3..., PN} |' Q Pl {Pl /\ Pz /\ P3 /\.... /\ PN} |' Q
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e Law of contradiction - the law of non-contradiction (LNC) (also known as the law
of contradiction, principle of non-contradiction (PNC), or the principle of
contradiction) states that, "Contradictory propositions cannot both be true in

the same sense at the same time”.
e e.g.the two propositions "A is B" and "A is not B" are mutually exelusive.

* Law of excluded middle - The law of excluded middle (or the principle of
excluded middle) states that for any proposition, either that proposition

IS true or its negation is true.
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Types of proposition

We use letters to denote propositional variables to represent propositions, just-as letters are

used to denote numerical variables. The conventional letters used for propositional.variables
arep, q, r, s.

Many mathematical statements are constructed by combining one ormore propositions.

New propositions, called compound propositions, are formed from existing propositions
using logical operators.
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Operators / Connectives

1. Negation: - let p be a proposition, then negation of p new proposition;denoted
by -p, is the statement “it is not the case that p”.
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Conjunction
* Let p and g be propositions. The conjunction of p and g, denoted by p
A g, is the proposition “p and q.” The conjunction p A g is true when
both p and g are true and is false otherwise.
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Q Consider the following arguments and find which of them are valid?

1 ) 3 4
P, (pPAQ) Pr| P P,| P P, |=(p AQ)
Q P Q| pAg P,| ¢ P, P
Q| pAqQ Q| -q
5 6 7
P.| -(pAQq) Pi| =(pAq) P.| -(pAQq)
P, g P, - p P, - p
0] —p 0] q 0] -q
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Disjunction

* Let p and g be propositions. The disjunction of p and g, denoted by p-v7q,.is the
proposition. “p or g.” The disjunction p V q is false when both p and gsare false
and is true otherwise.
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Q consider the following arguments and find which of them are valid?
1 2 3 4

P1| (pAQ) P1| PVQ P1|=(p Vv q) Pl (pV.a)

Q| pPVQ Q| (pAQq) Ql -p Q| " -p
5 6 7 3

P1| (pVaQq) Pl (pVa) P1| (pVa) P1| (pVa)

P2 —up Pz _'q Pz p PZ p

Q| T.g Q| P Q| -q Q| g
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Implication

Let p and g be propositions. The conditional statement p - q is the proposition-“if p, then q”.
The conditional statement p - q is false when p is true and q is false, and true otherwise.

In conditional statement p = g, p is called the hypothesis (or antecedentor premise) and q is
called the conclusion.

Implicatiors
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* Let p be the statement “Tori learns discrete mathematics” and g the statement “Tori will find
a good job.” Express the statement p - g as a statement in English.

1. “If Tori learns discrete mathematics, then she will find a good job.”
2. “Tori will find a good job when she learns discrete mathematics/”

3. “For Tori to get a good job, it is sufficient for her to learn disefete mathematics.”


http://www.knowledgegate.in/gate
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p = q implication

q —> p converse

-p > —q Inverse

-~q —» —p contra positive
p>q9=-q->-p

p = q will be true if either p is false or g is true, p > q=-p V q
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Q Consider the following arguments and find which of them are valid?

Modus Ponens Modus Tollens 1 2
P.| pP—>q P,| P24 P,| P Ple @
P, P P, -Q Q| P24 Q| P79
Q Q Q —p

3 4
P, «=(p—>q) P, | ~(p—>q)
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Bi-conditional
* Let p and g be propositions. The biconditional statement p <> q is the proposition.
* “pifandonly q".
* “pis necessary and sufficient for g”
* “if p then g, and conversely”
e “piffq”
* p&>qg=(p>q)A(g->p)

* The biconditional statement p <> q is true when
p and g have the same values, and false otherwise.

Bi-conditional
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Q Consider the following arguments and find which of them are valid?

1 2 3 4
P, pP—~>49 P, e P, pVq P, d
P, q->r P, p—>r P, p>r P, q5s
Q p—>r P, q->r P, q->s P,| -rv-s
Q I Q rvs Q ﬂpV—-q
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Type of cases
* Tautology/valid: - A propositional function which is always having
truth in the last column, is called tautology. E.g. pV - p
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* Contradiction/ Unsatisfiable: - A propositional function which is
always having false in the last column, is called Contradiction-E.g. p
AN=p

=€
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 Contingency: - A propositional function which is neither a
tautology nor a contradiction, is called Contingency. E<g. p V

q
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e Satisfiable: - A propositional function which is not contradiction is
satisfiable. i.e. it must have at least one truth value in the final
columne.g. pVgq
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* Functionality Complete Set: - A set of connectives is said to be
functionally complete if it is able to write any propositional function.
* A}
A
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Q Consider two well-formed formulas in propositional logic

F,:P=-P F,:(P=>-P) V (-P=P)

Which one of the following statements is correct? 3
\ 2

A) F, is satisfiable, F, is valid 6

B) F, unsatisfiable, F, is satisfiable

C)F,i Qsatisfiable, F, is valid

D) F, and FRILR Hoganw. knowledgegate.in/gate
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Q the statement (-p) = (-q) is logically equivalent to which of the statement
below?

l)p=q

2)g=p 3) (-a) V (p) 4) (-p

a) 1 only

http://www.knowledgegate.in/gate
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Q Consider the following two statements.
S,: If a candidate is known to be corrupt, then he will not be elected.

@sp:p‘er% *

S,: If a candidate is kind, he will be elected.

Which one of the following statements follows from S1
inference rules of logic?

(A) If a person is known to be corrupt, he is’kind
(B) If a person is not known to be corrupt, he is not kind

(C) If a\personiis kind, he is not known to be corrupt

(D)Ifap no#&%wnﬁcﬁnownltéaeé&rggtce |n[gi
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Q Which one of the following is NOT equivalent to p <> g°?

a)(-pVa)A(pV-q) b) (-pVa)A(qg->p) 3
/oP:‘

FAY
c)(=pAq)V(pA-q) (\ «/d)‘(ﬂp A-q) V (p A )

http://www.knowledgegate.in/gate
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Q Consider the following statements:
P: Good mobile phones are not cheap

Q: Cheap mobile phones are not good
.\
L: P implies Q P

M: Q implies P
N: P is equivalent to Q -

of thefollowingabout L, M, and N is CORRECT?
Lis TRUE.
is TRUE.
is TRUE.

Nt/ www.knowledgegate.in/gate
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Q Which one of the following Boolean expressions is NOT a tautology?

A)((a>b)A(b—>c))—>(a—>c) B)(a—>c)>(~b—>(a
C)(aAbAc)—>(cVa) C D)a—> (b—> a)

W
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Q Consider the following logical inferences.

I,: If it rains then the cricket match will not be played.

The cricket match was played.
Inference: There was no rain.

l,: If it rains then the cricket match will not be played.

It did not rain.
Inference: The cricket match was played.

Which of
(A) B
(B) I, is
(C) I is
(D) Both |

e following is TRUE?

|, and |, are correct inferences

rect but |, is not a correct inference
t correct but I, is a correct inference
are ﬂ correct inf rences

www.knowledgegate.in/gate
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Q Consider the following propositional statements:

P,: ((AAB)=>C))=((A—>C)A(B—> () 3
eP“

P,:((AvB)=>(C)=((A>C)v(B—>C(C)

of the following is true?
a tautology, but not P,

' 'tautology, but not P,

e both tautologies

m afenatreirglogrO W ledgegate.in/gate
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Q Which of the following is/are a tautology?

a)aVb—>bAcC b)aAb—>bVc
D

c)avVb->(b-c) Jﬁi%/bé(béc)

http://www.knowledgegate.in/gate
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Q consider the following argument

l,: if today is Gandbhi ji’s birthday, then today is oct 2" 3
3

l,: today is oct 2"° | 6 P“

C: today is Gandhi ji's birthday

http://www.knowledgegate.in/gate
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Q consider the following argument
I,: if Canada is a country, then London is a city 3
l,: London is not a city P“ E

C: Canada is not a country

http://www.knowledgegate.in/gate
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Q find which of the following arguments are valid?
1)((pVva)V-p)=T

2)-(pVa)V(-pAQ)Vp=T

A Y
3)((p>0q) <= (—-qfq_.p)); A >"/=\r
N

http://www.knowledgegate.in/gate
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4 (pVAA-(-pA(-qV-1))V(-pA-q)V(-pA-1)=T

5)(pV-(pAQ))=T

6) (p ) A (V=) = \MV//\»/

7) (—@A r))x (q A r) V(pAT) =T

http://www.knowledgegate.in/gate
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First order Predicate Logic

Sometime propositional logic cannot derive any meaningful information even though, we as
human can understand that argument is meaningful or not.

P,: Every Indian like cricket
P,: Sunny is an Indian
Q: Sunny Likes cricket

The reason propositional logic fails here because using only inference system we can not
conclude Q from P, and P,.
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* Sometime subject is not a single element but representing the entire group.
* Every Indian like Cricket.
* We can have a propositional function Cricket(x): x likes Cricket.

 We can fix domain of discussion or universe of discourse as, x.is an'Indian.
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If i say four Indian are there |, |5, 15, 14

|, likes cricket A 1, likes cricket A I;likes cricket A 1, likes cricket

Cricket(l;) A Cricket(l,) A Cricket(l;) A Cricket(l,)

But problem with this notation is as there is 130+ corers Indiansthis formula'will become very
long and in some case we actually do not know how many subjects are there in the universe

of discourse. so, we again need a short hand formula.

V, Cricket(x), if we confine x to be Indian then it means every x like cricket.
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Universal quantifiers: - The universal quantification of a propositional function is the
proposition that asserts

P(x) is true for all values of x in the universe of discourse.
The universe of discourse specifies the possible value of x.

vV, P(x), i.e. for all value of a P(x) is true
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* Let try some other statement ‘Some Indian like samosa’

* ifisayfourIndian aretherely, I, 15, 1,

|, like samosa V |, like samosa V I;like samosa V |,like samosa

Samosa(l;) V Samosa(l,) V Samosa(l;) V Samosa(l,)

* 3, Samosa(x), if we confine x to be Indian then it means some x likes samosa.
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e Existential quantifiers: - with existential quantifier of a propositional that is true if and only if
P(x) is true for at least one value of x in the universe of discourse.

* There exists an element x is the universe of discourse such that P(x) is true.

e 3, P(x), i.e. for at least one value of a P(x) is true
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* let’s change the universe of discourse from Indian to human
* if humanisIndian then it likes cricket
* Indian(x): x is an Indian
e Cricket(x): x likes Cricket

* iflyis Indian then likes cricket A if I, is Indian then likes cricket @A, if I5is Indian then likes
cricket A ifl,is Indian then likes cricket

e [Indian(l;) = cricket(l})] A [Indian(l,) = cricket(l,)] A [Indian(l;) = cricket(l5)] A
[Indian(l,) => cricket(l,)]

* V., [Indian(x) = cricket(x)]
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* let’s change the universe of discourse from Indian to human
* if humanisIndian then it likes samosa
* Indian(x): x is an Indian
e Samosa(x): x likes Samosa

e ifljis Indian then likes samosa V if l,is Indian then likes samosa Vv if l;isIndian_then
likes samosa V if l,is Indian then likes samosa

e [Indian(l;) A samosa(l;)] V [Indian(l,) A samosa(l,)] V [Indian(l;) A samosa(l;)] V
[Indian(l;) A samosa(l,)]

* 3 [Indian(x) A samosa(x)]
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Negation
* - [V P(x)] =3,-P(x) A
+ = [3,P()] =V, ~P(x) G p:‘a

http://www.knowledgegate.in/gate
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Let L(x, y): x like y, which means x likes y or y is liked by x

1- V,V, L(x, y) 5- V3, Lx, y)
2- V.V, L(x, y) 6- 3,V L(x, ¥)
3-3,3, L(x, y) 7-V, 3, L(x, y)

4- 3, 37L(x, y) 8-3,V,L(xy)


http://www.knowledgegate.in/gate
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1

3. P(x) vV 3,Q(x)

2

D'U

3, (P(x) v Q(x))

B

3, (P(x) vV Q(x))

Q | 3, P(x) Vv 3, Q(x)

3

3, P(x) A 3, Q(x)

A

D'U

3,.(P(x) A Q(x))

B

3, (P(x) A Q(x))

Q| 3, P(x) A3, Q(x)
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1

O
[EEY

v, P(x) V'V, Q(x)

2

v, (P(x) V Q(x))

B

v, (P(x) V Q(x))

Q| V,P(x) VvV, QX)

3

O
[EEY

v, P(x) AV, Q(x)

A

V5 (P(x) A Q(x))

B

v, (P(x) A Q(x))

Q | v, P(x) AV, Q(x)
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Q consider the statement 3,[P(x) A =Q(x)], Which of the following is equivalent?

a) v, [P(x) > Q(x)]
b) ¥, [-P(x) > Q(x)] N 6 P:‘a

/ %

c) - 1V, [P(x) = Q(x)]}

d) - @)e Q(x)]}

http://www.knowledgegate.in/gate
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Q negation of the statement

3, V,[F(x, y) 2 {G(x, y ) V H(x, y)}] =V, 3, [F(x, y) A {=G(x, y ) A =Hx y)}] ?
W\

http://www.knowledgegate.in/gate
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Q let in a set of all integers

G (x, y): x is greater thany

“for any given positive integer, there is a greater positive integer” .

a) vx Hy G (X; y) ‘e
cle

b)3,V,G(x,y)

//‘

/

v,3,G6(xy)

http://www.knowledgegate.in/gate



http://www.knowledgegate.in/gate

Q let in a set of all humans

L (x, y): x likes y

“there is someone, whom no one like”
a) v, 3, {-L (x, y)}

b) {~ V¥, 3, L(x, y)}
PAY

-{v, 3Ly} (\.V

d) - F LGyl

http://www.knowledgegate.in/gate
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Q The CORRECT formula for the sentence, “not all rainy days are cold”

is (GATE-2014) (2 Marks)
a) V4 (Rainy(d) A ~Cold(d)) b) V,(~Rainy(d) - Colda
c) 3,(~Rainy(d) - Cold(d)) e@@ v(d) A ~Cold(d))

ol

http://www.knowledgegate.in/gate
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Q What is the logical translation of the following

lowing statement? (GATE-2013) (2 Marks)

"None of my friends are perfect.” .
A) 3,(F(x) A =P(x)) B) 3,(=F(x) A P(x)) P“e

C) 3,(=F(x) A =P(x))

http://www.knowledgegate.in/gate

X
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Q Which one of the following options is CORRECT given three positive integers X, y and z, and a
predicate? (GATE-2011) (2 Marks)

P(x) = ~(x=1) AV\(3,(x=y*2) =(y=x) V(y=1)) /B
(A) P(x) being true means that x is a prime number ‘e—\
(B) P(x) being true means that x is a number other thaéee P

(C) P(x) is always true irrespective of‘}@o
(D) P( Ing tr ﬂQ X has exactly two factors other than 1 and x
AN

http://www.knowledgegate.in/gate
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Q Consider the following well-formed formulae:
1) -Vx(P(x)) 2) —-3Ax(P(x)) 3) —-3Ix(-P(x)) 4) Ax(-P(x))

B

¢O 6e®

Which of the above are e w?“E-ZOOQ) (2 Marks)
a) 1 and Il| d
JIEL Y *“

c) Il an(Qli¢
http://www.knowledgegate.in/gate

d) Il and
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Q Which one of the following is the most appropriate logical formula to represent

the statement? “Gold and silver ornaments are precious”. The following gotations
are used:

G(x): x is a gold ornament e"

S(x): x is a silver ornament ‘
P(x): x is precious (GATE-2009) (2 Marks) 66 P

(A) ¥, (P(x) > (G(x) A S(x)) O G
\ &

(B) V, ((G(x) A S(x)) = P(x))

(C) 3, ((G(x) A S(x) 90\N
S) L

(D) V, X P(x))

http://www.knowledgegate.in/gate
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